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ABSTRACT: In a microscopic and self-consistent way the existence of a reptation transition in the cen-
ter-of-mass diffusion of flexible polymers in semidilute solutions is shown. The transition takes place at a
critical value of the entanglement parameter ¥(c,n), which is defined in terms of the mean interaction energy
of a polymer and proportional to its number of entanglements (c is the mean segment concentration and n
is the number of segments of a polymer). A general resuit for the self-diffusion coefficient D, is derived, which
determines D, in terms of y(c,n) and a single-segment friction coefficient. For short polymers the formula
yields a Rouse- like expression, D, ~ n’!; for long polymers de Gennes’ reptation result, D, ~ n"%¢*7, is recovered.
The crossover between both hmxtmg laws is quite extended, in contrast to the assumptions of scaling theories.

1. Introduction

Interacting polymer chains are one of the most fasci-
nating and challenging many-body problems in statistical
physics. A polymer in solution takes the form of a random
coil. At even moderate concentrations the coils start to
interpenetrate, and the chains become entangled. Since
the backbones of the polymers cannot intersect each other,
the entanglements produce strong topological restrictions
on the mobility of the polymers. Experimentally the most
striking and important effect is a sudden increase in the
dependence of the shear viscosity on molecular weight.
Whereas for “short” polymers the viscosity is proportional
to M, there exists a critical molecular weight, above which
1, ~ M?4 Closely related to that phenomenon is the
observation that the time-dependent elastic modulus shows
an extended elastic plateau above M_.1? The cause of these
and other drastic changes in the dynamic behavior of
concentrated polymeric liquids has been vividly dis-
cussed.® The most fruitful concept has been de Gennes’
reptation model.? The basic idea is that the entanglements
between a chain and its neighbors prevent any large-scale
motions perpendicular to its local direction. Therefore,
the chains can only “reptate” in a snakelike motion parallel
to their own curve. The obstacles that the other chains
offer to a certain test chain may summarily be described
as a tube in which the test chain is encaged and which it
can leave only at the ends. Using simple scaling argu-
ments, de Gennes has made a large number of predictions
for the static and dynamic properties of entangled poly-
meric liquids.* These have been important stimuli for
experimental research. In general, the experimental results
have shown a convincing verification of the scaling pre-
dictions.*

A second important impetus in the development of the
reptation theory was given by Doi and Edwards in a series
of papers® in which they develop the model of a “primitive
chain”, which only at its ends has complete freedom of
motion. The interior segments can only diffuse longitu-
dinally along the line of the chain. Therefore this model
has built in the reptation idea from the beginning. Since
it is mathematically well-defined, the primitive chain
model can be used to calculate various dynamical prop-
erties in detail.

The establishment of the reptation theory has stimu-
lated a tremendous number of works:® theoretical ones,
which have refined the model, computer simulations in
order to test the details of its predictions,” and experi-
ments, which were interpreted in terms of the reptation
model. But a microscopic foundation of the model, which
really derives the existence of the reptative motion of the
chains as a consequence of the repulsive interactions from
first principles, is still lacking. This is the theme which

we try to undertake in this paper. We concentrate on the
center-of-mass motion of the polymers, since this is a
question that is central to the understanding of the rep-
tation model. We find that the established picture for the
reptation process becomes fully justified and that the
transition to the reptating state is well-defined. Especially
for the strongly entangled state we can reproduce de
Gennes’ result® for the self-diffusion coefficient, D, ~
n~2¢/4, Here n is the number of segments of a polymer,
¢ = nN/V, the mean segment concentration, N is the
number of polymers, and V is the volume.

The starting point of our work is a Fokker-Planck
equation for the phase-space distribution of polymer seg-
ments. Thus the treatment is not fully microscopic, since
the solvent is treated as a continuous background that is
assumed to be in local equilibrium with the degrees of
freedom of the polymer segments. But the Fokker-Planck
equation itself is microscopically well-defined, since it has
been derived from the Liouville equation for a two-com-
ponent system of solvent molecules and Brownian particles
by projection operator techniques.®!® In our case the
polymer segments play the role of Brownian particles. The
Fokker-Planck equation reads

(%P(I‘,t) = Q(I)P(T,t) (1.1)
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T' denotes the set of momenta and coordinates of all seg-
ments, {p,/,r.}}, and P(T,t) is the phase-space distribution
function for all polymer segments. The Greek indices
number the segments of one polymer, o = 1, ..., n, and the
Latin indices number the polymer in the system,: =1, ...,
N. F, is the total force on segment (a,i)

i =

(1.2)

or,}

where U(T) is the total potential energy. {,s" is a two-
segment friction tensor. It describes the friction force that
is exerted on segment (a,i) if segment (8,/) moves with
velocity pg/m, m being the mass of a segment. The
friction tensor { 4" depends in pr1nc1p1e on the coordinates
of all segments, i‘aﬁ S({r}). It is related to the more
familiar mobility tensors of the Kirkwood theory by the
matrix equation

Z Zi’ Hopp g = 8,501 (1.8)

k=1 y=
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The use of the Fokker-Planck equation (1.1) is relatively
unfamiliar in polymer theory, where usually the Kirkwood
equation serves as a starting point. But for systems of
strongly interacting particles the Kirkwood equation
should be considered with caution. The Kirkwood equa-
tion, or generalized Smoluchowski equation, can be de-
rived®!1-13 from the Fokker-Planck equation (1.1) under
the assumption that solvent friction is the dominating
relaxation process. But, especially for entangled solutions,
the dominating relaxation processes are due to interactions
among the polymers. The condition by which the diffusion
equation has been derived then becomes invalid. If we
consider the extreme case of highly concentrated solutions
or polymeric melts, solvent friction becomes negligible or
vanishes, respectively. This is correctly described by the
Fokker-Planck equation (1.1), which for {aﬂ"f — () goes over
into the Liouville equation for the one-component system
of polymers alone. A transport theory based on the Fok-
ker-Planck equation has been developed previously for
colloidal solutions,** where long-range electrostatic forces
also lead to strong interaction effects in the viscoelastic
and diffusion properties. There are only minor differences
in the formal structure of the transport equations between
colloidal systems and polymeric solutions.

These formal transport equations are derived in the next
section. In section III we will show how the generalized
transport functions are connected with the self-diffusion
coefficient and related functions, like the mean-square
displacement and the velocity autocorrelation function of
the center of mass of a polymer. In section IV we will
calculate the time-dependent generalized friction function
in an approximation that is suitable for semidilute solu-
tions. We will find that it can be related to a curvilinear
response function and to a response function for motions
which are locally perpendicular to the line of the polymer.
These response functions are calculated in section V. It
is found that the curvilinear response function describes
the motion of a free Rouse chain, whereas the perpendi-
cular degrees of freedom freeze in at a critical concentra-
tion or chain length. Above that transition only curvilinear
motion is possible. In section VI we finally calculate the
self-diffusion coefficient for the whole range of entangle-
ment strength.

II. Correlation Function Formalism

The basic quantity in which we are interested is the
self-diffusion coefficient of a polymer chain, D,, We will
obtain D, as a time integral of the velocity autocorrelation
function. But it will prove to be useful if we first derive
results for the autocorrelation function of segment density
fluctuations of one test chain (say, i = 1).

1 R
F(qt) = ;(cl(q)e”‘cl(—qb (2.1)
ci(q) = ile—iq-rai (2'2)

The equilibrium average is defined as
() = j' dr...P,(T) (2.3)

Py(T) is the equilibrium distribution

N n )
Py(T) = Z7 exp[-8(UT) + L X (p,)?/2m)] (2.4)
i=1 a=1
and 8 = (kgT)l. If the average (2.3) is performed over an
operator, that operator acts also on Py(I'). F(q,t) may be
considered as a dynamic generalization of the form factor
of a polymer, since
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F(q,0)

%(cl(q)c‘(—q»

H ¥ (etialrrs)y = F(q) (2.5)
n o,

is just the form factor. )
We define a first projection operator P;, which projects
an arbitrary variable onto ¢;(q)

P, = ..c'(-q)) (nF(@) (X Q). (2.6)

P is idempotent and Hermitian. The same holds for [}
= 1 - P;. The time derivative of F(q,t) is

Fa) = ~(cH@)etel(-q))

1 N
;((—iq-jl(q))e"‘cl(—q» 2.7

jl(q) being the current fluctuations of the segments of the
test polymer

i@ = %(nal/m)e-»‘«-ral ©2.8)

The time evolution operator is decomposed according to
the operatore identity

et = 0t 4 ftdt’eﬁél““t')ﬁpleﬁ" (2.9)
0
Then
” =l il 081t 1(_ ¢ ,_1_ .
F(q,t) n(( iq-jl(q))e™Nict(—q)) + j;dt n(( ig
(@)e™6-) el (-q)) Fla) o (M a)e el () (2.10)

The first term vanishes, since (j'(q)c!(-q)) = 0 and ...
Q.c'(q)) = 0. We then define a generalized diffusion
function

D(a) = ﬁ@-i%q)eﬂ%jl(—q» (2.11)

d = d/|q|, and eq 2.10 takes the form of a generalized
diffusion equation

Flap) = - f, dt' Diat - t)F(@t)  (2.12)

In the long-wavelength limit, D(q,t) becomes the velocity
autocorrelation function for the center-of-mass motion of
the test polymer

D(0,t) = 1/?,(vl-ef”vl) (2.13)
since in the limit ¢ — 0, 8Q; — {, and
12 1
vi==3p,}l/m = =j0) (2.14)
na=1 n
We derive then a memory equation for D(q,t) in the same

way as has been done for F(q,t). The projection operator
is

P, = N m s
) = ...Elj (-q))- nkBT<J (q)... (2.15)
and @, =1 - P,. Then

. 1 . A N L a
D(q,t) = W(q'jl(Q)QQﬂPz + @y)etaji(-q))

. %<c‘1-i1(q)0j"(—q)>-<j"(q)ef’é“ﬁ-
n’F(q)i=1
1

.
ity + nF(Q@

(@@ 1Qedt g5 (-q))
(2.16)
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HereQEQ1Q2 = I-PI—PZ.
For the second term in (2.16) we use an operator identity
similar to eq 2.9 and obtain

Blas) = T @ @0F-a)- (et

2F< )i
jean + dt’<a-jl(q>s‘zQe“Q<f'f'>9ji<—q)>-<jf(q>eﬁéﬂ'q-

1(—q))} + F( ' 31(@)0Qe¥qj(-q)) (2.17)
The last term vanishes again, since ...0§-j!(-q)) = 0.

Any correlation function containing the current fluctu-
ations j*(q) and ji(-q), with { # 1, involves the probability
of finding polymer i somewhere when polymer 1 is at a
certain position, which is of @(1/V). In each of the two
remaining terms in eq 2.17 are N — 1 terms with products
of such correlation functions. The sum of these terms is
of O(N/V? and vanishes in the thermodynamic limit.
Only the term with i = 1 survives. When the isotropy of
the system is also used, we find

. t
mD(q,t) = -(@D(a,t) - f dt’ At(at - )Dig,t")
(2.18)
Here we have defined a wave vector dependent instanta-

neous friction coefficient,
&) = ————<q11(q)9q11(—q)>

-1y 2 (@-6,t0a exp[-ige(r,! - xg)])

Nag=1
(2.19)

which represents the friction forces of the solvent, averaged
with the equilibrium distribution of segments. A second
dynamic contribution to the friction acting on the test
polymer stems from interactions between polymer seg-
ments and fluctuations in the solvent friction forces.

2 -3 As A
At(gyt) = ———<q-i1<q)szeﬁQtszq-jl(—q)>
= —1 _((f(q) + (@)™ (f(~q) - hi(-q)

3nkpT
(2.20)

fi@) = 2 | P cigp) + B+ igEr |eent @21)
0= x| - %a |
hi(q)

=
>z

1[(g-aﬁ1i_pﬂi Jm)e-iare — (g—aﬁlie-iq-(r,,l-rgi)> ,ji(q)]
(2.22)

The projection operator method is a formal way to obtain
closed equations for correlation functions, here the gen-
eralized diffusion function D(q,t) The same purpose could
also have been achieved by using a different pro;ector,
namely the operator B, = ..j*(-q))(m/nkgT)-(i*(@)..., in-
stead of P,, as defined in eq 2.15. P, projects on a much
larger space of variables, compared to Ps; therefore, the
space of orthogonal variables is smaller, compared to the
space that is orthogonal to j'(q) alone. The different
projection operators produce different equations for D(q,t),
but since both ways are mathematically equivalent, both
equations contain the same information. But for the
equation (2.17), which results from using P,, we can use
the additional argument of the thermodynamic limit. In
the thermodynamic limit all individual correlations be-

W=

—

[21
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tween segments of different polymers vanish.

In contrast, if working with the projector B,, it is hard
to see how to introduce the argument of the thermody-
namic limit, since then these correlations between different
polymers do not show up explicitly but are hidden in the
generalized friction function. The result is that the gen-
eralized friction forces hl(q), eq 2.22, contain less corre-
lation and are therefore simpler quantities and more
amenable to approximations, compared to the corre-
sponding generalized forces, which would have been ob-
tained by using the projector P,.

In the long-wavelength limit the two generalized random
forces take especially simple forms,

n N n
fi(o)= ZF!=Y L Fs'aF (2.23)
a=1 i=2 a,8=1
is the total interaction force on the test polymer. Intra-
molecular forces drop out, since Y.} 5=, Fq4'" = 0.

N n
hl(O) = Z Z [g-aﬂli,pﬁi/m -

) GV (2.24)
=1 a,8=1

is the difference between the total friction force acting on
the test polymer and a mean friction. The latter would
result if each segment has the same velocity as the center
of mass of its chain and if the friction tensors {," are
averaged with the equilibrium segment distribution. A
frequently used approximation for hydrodynamic inter-
action is the preaveraging approximation, which from the
beginning replaces the configuration-dependent hydrody-
namic interaction tensors by their equilibrium averages.
Then

N n
hi(0) = 2 ﬁZlu‘ag“)-(pg‘/m -v)  (229)

i=1 a,8=
is indeed proportional to the deviation of segment veloc-
ities from the center-of-mass velocity. For very long chains
the great majority of the segments are statistically
equivalent, only the segments near the ends having distinct
statistical properties. In the long-chain limit such end
effects will be negligible. Therefore, for long chains

na1{$ast) will depend only weakly on the index 8.

Z(i’aﬁl‘> =~1/n ;Zl(i’ 5%)
This assumption would become true if we assume periodic
boundary conditions. Therefore, we can expect that for
long chains h!(0) should be a very small quantity, since

N n n
h'(0) ~ 2(1/n L () Z(pg/m~v) =0
i=1 a,8=1 8=1

Thus we may neglect h'(0) for preaveraged hydrodynamic
interaction in the long-chain limit. For concentrated so-
lutions it is found, in contrast, that hydrodynamic inter-
action is strongly screened and may be approximated by
an effective (concentration-dependent) single segment
friction coefficient, {,57 — {(c)8,48;;1. It follows immedi-
ately then that hl(q) = 0 for all values of q.

A formal solution of eq 2.12 and 2.18 can be obtained
by Laplace transformation. Denoting Laplace transformed
functions by a tilde

- Fla)
Faz) = — T (2.26)
and
koT/F
Dla,2) = oT/F @ (2.27)

mz + (q) + Af(q,2)
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The set of equations (2.26) and (2.27) describes the com-
plete spectrum of the segment fluctuations of a polymer
chain, including high-frequency oscillations. In polymer
dynamics mostly one is only interested in the low-fre-
quency diffusive branch of excitations. One may then
safely neglect the acceleration term in eq 2.27 and write

kpT /F(q)
(q) + A¥(q,2)

The frequency dispersion in A{(q,z) cannot be neglected,
since it will show up that the dynamic friction function
relaxes by spatial diffusion on the same frequency scale
as F(q,2).

II1. Center-of-Mass Diffusion

The self-diffusion coefficient of a polymer may be de-
fined either in terms of the long-time limit of the mean-
square displacement of its center of mass

D(q,2) = (2.28)

) 1
D, = }Lng [a((rl(t) - rl(0)?) ]
rr==2>r} (3.1)

or by the Kubo formula, as the time integral over the
velocity autocorrelation function.

_1lr- 1(4)oyl
D, = 3]; dt (vi{t)-v}(0)) (3.2)
Both formulations are equivalent, since
t t
1 — pl 2y = / 7” (Yo l(+7”
(e - r o)) = [ de’ [ de” (vHE)vE)

= j;tdt/ (t - t"){vi(E")vH0))
(3.3)

According to eq 2.13, the center-of-mass velocity auto-
correlation function is just the long-wavelength limit of the
generalized diffusion function. Therefore

D, = { dt D) = B(©,0) (3.4)
0
Equation 2.27 then yields the result (since F(0) = n)
keT
D, = (3.5)

n((gz(c,n) + J;mdt A{(O,t))

where {gz(c,n) can be considered as a generalized Rouse—
Zimm friction coefficient

1
frzlen) = = 2 (@, 0) (3.6)
Nag=1

The dynamic friction function in the long-wavelength limit
is

AS0.0) = = ((F! + hH(0)}e?(F* - hi(0))  (37)
3nkBT

According to our discussion before, the hydrodynamic
fluctuations h!(0) can be considered as small, especially
in concentrated solutions, and may be neglected, compared
to the interaction forces F1. We then have an especially
simple decomposition of the phenomena that contribute
to the friction of a polymer: the solvent friction as a static
instantaneous process, since the dynamic modes of the
solvent are considered as fast compared to the time scale
of polymer diffusion, and a dynamic friction force due to
interactions of the test polymer with other polymers. The
calculation of this dynamic friction effect is the main
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theme of the paper. But it is instructive to consider here
also the result for the dilute limit. The forces between
different polymers then vanish, and

D, =

kBT/n[ $rz(0,n) = SkB% j;mdt (h'(0)e?h1(0)) ]
(3.8)

is the rigorous result (on the basis of the Fokker—Planck
equation 1.1) for the dilute limit. Here friction on the
center of mass is entirely caused by solvent friction: first,
by the mean-field friction term {gz(0,n) and second, by
fluctuations in the friction force due to fluctuations in the
segment and in the momentum distribution. If hydrody-
namic interaction is neglected, {,57 — {0,461, where {;
is the unrenormalized single-segment friction coefficient,
we obtain the Rouse result, D, = kgT'/n{;. In contrast, if
only the fluctuating forces h!(0) are neglected, assuming
preaveraged hydrodynamic interaction and statistical
equivalence of segments in the long-chain limit, we have

kT ksT

ntegOn)

-1

D, =

" (3.9)
Z (fl'g-aﬁu‘fl >
a,f=1

which is in agreement with the corresponding result of the
Kirkwood theory.!® Especially if the Oseen tensor is used
for hydrodynamic interaction and for Gaussian chain
statistics, one obtains {3z(0,n) ~ n'/% therefore D, ~ n~1/2,

In the long-wavelength limit the polymer segment
fluctuations decay much slower, compared to the velocity
fluctuations. If we formally take the hydrodynamic limit
(lim o lim,_..., but g° = const) of the generalized diffusion
eq 2.12, we obtain the ordinary diffusion equation

F(q,t) = -D.q?F(q,t) (3.10)
with the solution
F(q,t) = e D F(q) (3.11)

Since D, describes the motion of the center-of-mass co-
ordinates, we have verified that the long-wavelength seg-
ment fluctuations of the test polymer evolve for long times
according to its center-of-mass motion.
lim lim F(q,t) = n exp[-6q®((r'(t) - r1(0))?)] (3.12)
g—0 t—=

g% =const

IV. Dynamic Friction Function in the Semidilute
Regime

For concentrated solutions it has been observed that
hydrodynamic interaction effects become negligible.}?
This occurs even at concentrations well below the con-
centration above which entanglement effects become de-
cisive. Theoretically this is understood as a screening
effect, due to a scattering of the solvent modes which
transmit hydrodynamic interaction.'®!” If we focus only
on larger length scale effects, compared to the screening
length, we may incorporate the screened hydrodynamic
interaction in terms of a concentration-dependent effective
single-segment friction coefficient. The actual concen-
tration dependence of the screening length, and therefore
of the effective friction coefficient, has been under dispute,
but it is quite clear that no unique answer can be expected.
The strength of the screening mechanism will depend on
the correlations in the segment distribution.

For entangled solutions, de Gennes obtained? {(c) ~ ¢'/2
But the actual concentration dependence of {(c) is not an
essential point in this paper. Only if we compare the
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general result in section VI with de Gennes’ result will we
need the explicit concentration dependence of {(c). If we
therefore set

g.aﬂij = {(C)aaﬁaijl (4'1)

the long-wavelength dynamic friction function is simply
the force correlation function

ALO,) = (FLeIUFt) (4.2)

3kT

So far our approach has been fairly general and may
apply to stiff or flexible chains, polyelectrolytes or un-
charged polymers, linear as well as star polymers, etc. Now
we restrict our treatment to linear flexible polymers with
short-ranged interactions only. It will also be of advantage
for the following discussion if we use the model of a con-
tinuous chain, r} — r(s), where s is a continuous variable
that runs along the contour of the chain,0 < s < L. Lis
the contour length of the chain, L = In, where [ is the mean
distance of two neighboring segments in the discrete chain
model. The standard form of the potential energy for this
model is!8

UT) = —z f ds (artis)) +

1
2lzu =1

The first term in U(T') describes the elastic energy of the
polymer chains in harmonic approximation. The second
term represents excluded-volume forces, which prevent an
intersection of the lines of two chains or a self-intersection
of a chain. This second term in U(I') is most important
at higher concentrations, since it represents the entan-
glements between the chains and is responsible for the
transition to a reptative state of motion in concentrated
polymeric liquids, as we will see. The short-ranged ex-
cluded-volume force is conveniently approximated as a
é-function

u(ri(s) - ¥(s") = kBTvoé(r"(s) -ri(s") =
kTog—— [ “d% exp(-iq(x's) - ri")) (4.4)

ds f ds’ u(ri(s) - ¥'(s")) (4.3)

(2m)?

where for the second equality we have used the Fourier
representation. vy(7) is the excluded-volume parameter,
which is closely related to the second virial coefficient. The
upper integration limit g, reminds us that this approxi-
mation is restricted to Fourier modes Sv, /3.

The use of a é-function for the pseudopotential (4.4) has
always to be considered as an idealization of a potential
with a very short but finite range. Writing the excluded
volume as vy = (47/3)a’, we may express the §-function
as the limit of a step function, &(r) = lim, ., [1/vs8(a - r)],
and the excluded-volume potential is u(xr) = kgT6(a - |r)),
when a is smaller than any other length of the problem.
The upper integration limit is then fixed by the condition

u(0) /kgT = vy/(2r)3 f “dg =1

The interaction potential is now

U = —Z L ri(s) 2+
(F) Zl, =1 s

% 8T 1(2 )3f 'd%q cilq)ci(-q) (4.5)
ij=

Since only intermolecular interactions enter the expression
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for A{(O, t), we obtain from eq 4.5a

qc 3 qe 3.7
njj= 2(21r) f d qu ‘d 74
o (cH@)ci(-q)e"cH(q’ )c/(-q')) (4.6)

Equation 4.6 relates the dynamic evolution of the friction
function to the dynamics of products of concentration
fluctuations. Remembering eq 4.4, we may also charac-
terize this as the dynamic evolution of “contacts” between
different polymers. Although these “contacts” influence
the motion of the polymers severely, their number is small
in semidilute solutions, compared to the number of seg-
ments of a chain, and they are randomly distributed. Thus
the correlation between two polymers, which is caused by
the excluded-volume forces, is only a local one, and we may
assume that the overall motion of the polymers can still
be treated as uncorrelated. We then factorize

Af(0) =

ALO) = - — Z

g %
> 2(27r)6f d3qf d’q’ q-
q'R(q,t)*(cH@)c(-q)c (@' )c/(-q')) (4.7)
The response function R(q,t) is defined by
F(q,t) = R(q,t)F(q) (4.8)

The initial value in eq 4.7 is proportional to the term

[t g el @)ei-a)el (g ei-g ) =

Zl‘ f ds ds’ ds”< -iar'(6) gigr'(s’ )Lq( TS u(r ))>

(4.9)

Since the equilibrium distribution function is
~exp(-BU(T)), the expression above vanishes from s =
s’ therefore it is

Zz— f ds ds’ ( "‘l"l(s)e"q""‘s’)iq-( ™ )U( ))>

kT 2 17 § "as as’as” oid &g’ g

ij=2

q’(eia+a) 1(5) giari(s") ig"rils” )

The expectation value above describes static correlations
among two (i = j, s’ = s”) or three segments. We assume
that the system is sufficiently dilute, so that the three-
segment correlations can be neglected. Equation 4.9 then
becomes

= kBTg(z )3f d*¢’ q-q'(cl (g + q')c'(-a - Q')
——q2kBTZ—— “#q’ (cl(q + ¢')ci(-q - @)) (4.10)

i= (27
= —qszTUOEZﬁ j; ds ds’ (5(ri(s) - F(s")))

since {c}(q)c(~q)) is an even function of q.
The contribution in the free energy density, which stems
from interactions among different chains, is

AF = szllzf dsf ds’ (u(ri(s) — r'(s")))
U]
_kgT
;VUO dsf ds’ (6(r'(s) — r’(s")))

(4.11)
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Figure 1. Inter- and intramolecular excluded-volume interaction
of flexible cylinders.

when the statistical equivalence of the polymers is used.
Using eq 4.9-4.11 in eq 4.7, we obtain

; AcF ©@r )gf d’q q’R(q,t)* (4.12)

The decisive point in the actual calculation of A{(0,t) is
the insight that excluded-volume forces are always or-
thogonal to the local tangent vectors of the two chains at
the place of interaction. This can be easily seen if we
visualize each polymer as a long flexible cylinder (Figure
1) and if we neglect interactions at the ends. We define
now a local coordinate system, where one axis is parallel
to the local tangent vector and the other two are arbitrary
but orthogonal. The Fokker—Planck operator (1.1) is then
decomposed as

ALO,) =

Q) =) + 4. (D) (4.13)
1 pL ) IO R ; ]
0 _El‘f"’ “1 m .ar”‘(s) ” (S).apui(s)
F] .
T———- g 4.14
Sk(C)apnl(s) k2 ap|‘(s) tei@/m .14

and {, (T) takes the corresponding form.

Here we have performed the continuum limit, and we
neglect hydrodynamic interaction, eq 4.1. The parallel and
the orthogonal vector components are defined as

x,/(s) = (x(s)-ti(s))ti(s) (4.14a)
x,(s) = x(s) - x,(s) (4.14b)

t‘(s) is the local tangent unit vector
tis) = x (s) o (s) (4.14¢)

The essential simplification of the decomposition (4.13)
arises since the force components F/(s) are only produced
by the elastic forces in the chains. In the harmonic ap-
proximation (4.3) they depend only on the locally parallel
coordinates of the chain, {r/(s)]. Thus 2,(I) = Q,(T)) is
the same operator as for a system of noninteracting Rouse
chains. In contrast, F  i(s) contains, besides the corre-
sponding elastic contribution, the excluded-volume force

j ds j ds’ u(rk(s) ~ri(s"))

arl‘(s) k

The excluded-volume potential in principle depends both
on the orthogonal and on the parallel coordinates. But
the dependence on the parallel coordinates is very weak.
Considering Figure 1, we see that a pure curvilinear motion
of such a flexible cylinder does not change the interaction
energy of the two cylinders. Only if one of the cylinders
has moved so far by curvilinear motion that its end reaches
the contact point will the curvilinear motion lead to a
change in excluded-volume interaction. But that is a small
effect, of ©(1/n), and we assume now that F J_‘(s) depends
only on the set of orthogonal coordinates, {r ¥s)}. In that
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approximation {;(T')) and @, (") commutate and
el = ehitelt (4.15)

The response function R(q,t) then is simply a product of
a curvilinear propagator and a lateral propagator

R(q,t) = Ry(q,H)R (q,t) (4.16)
where
(ci@etiici-q) =R, L (@)F@) (417
For the dynamic friction function we now obtain
2 AF
3 ¢ (2n )3

This result may be considered as a first-order term in an
expansion with respect to the curvilinear propagator.

AL(0,8) =

q a*R,(q,t)’R  (q,t)? (4.18)

V. Curvilinear and Lateral Propagators

Equations for R|(q,t) and R (q,t) can be obtained in the
same way as for F(q,t) in section II. When Qh | is sub-
stituted for &, the results for the Laplace-transformed
functions are

1

R (q2) = ————— 5.1
M(q 2) -+ D”,J_(q,Z)qz (5.1)
- 1 kT/F@
D@2 =3 5o+ st @0 (5.28)
and
s kT /F
D,(q) = 2_ /4 /- @ (5.2b)

3 o) + A (q,2)

Here we have neglected the acceleration term and assumed
that hydrodynamic interaction is screened, eq 4.1.

Equations 5.1 and 5.2a are certainly not the simplest way
to get a result for the curvilinear propagator. Since ex-
cluded-volume forces do not enter in F /(s), Q”(I‘) describes
the evolution of a Rouse chain. This problem can be solved
directly by normal mode expansion. Neglecting the ac-
celeration terms, one just reproduces Pecora’s solution?®
of the Kirkwood equation or de Gennes’ corresponding
result from a continuous chain.?

In the following we will neglect internal fluctuations of
the chains, and we will assume that for our purpose the
response functions can be approximated by the long-
wavelength center-of-mass propagators. This will lead to
a self-consistent calculation of the lateral propagator. Then

. 1
R, (q2) = T+ D, 00 (5.3)
o 1/3D()

D02 = 3% 02750 (5:42)

%D,
D 0z = i (5.4b)

1+ A, (0,2) /()

the effective Rouse diffusion coefficient is

kT
Dylc,n) = n;(c) (5.5)
Since
AGO) = 5 kBT l2f dsf ds’ X

(F ) (s)- eQ”QtFul(s’» =0 (5.6)

the curvilinear center-of-mass propagator is
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Ri(q,t) = exp(— %Doth) (6.7

For A{, (0,t) we use the same approximations as were
obtained for A{(0,t) in the last section. The only difference
is that the time evolution of A{, (0,t) is independent of
curvilinear motion. Then, following eq 4.18

aguon =255 2 (g R (@02 (58)

3 ¢ (27r)3
Equation 5.8, together with eq 5.3 and 5.4b, yields a
self-consistent description for the evolution of the lateral
propagator: for short times also R (q,t) evolves as an
unperturbed Rouse propagator. Scattering due to entan-
glements with other chains (represented by AF/c in
A¢,(0,t)) then slows down the lateral diffusion of the
chain. After a time over which many of such scattering
processes have taken place, R | {(q,t) will be dominated by
its hydrodynamic pole

R, (qt) = eD.a* (5.9)
2/3D0
1+ £,(0,00/¢(c)

Instead of solving the equations for R | (q,t) numerically,
we approximate R | (q,t) in eq 5.8 by the long-time result
(5.9). Then

D, =D (00) = (5.10)

A, (0,0) = ; C%F (;:)3 f “d5q = % D 61
Equations 5.10 and 5.11 yield two solutions for D | :
D, =0 (5.12a)
and
= 2%.Do(1 - Y(c,n)), fory <1 (5.12b)
with
¥lc,n) = nAF /2kgTec (5.13)

For ¢ « 1 the expression (5.12b) is the correct physical
solution for the perpendicular diffusion coefficient. But
for ¢ — 1, that expression goes to zero, and fory =2 1, D |
is always zero. This is the central result of our paper. We
have obtained in a self-consistent way a transition to a
state in which the degrees of freedom of the chain, which
are orthogonal to its space curve, are frozen in. For y(c,n)
= 1 only curvilinear motion is possible, and therefore we
might name that the reptation transition.

A similar localization transition has been obtained for
diffusion processes in a Lorentz gas by Gétze, Leutheusser,
and Yip.?! Here a single hard-sphere particle moves in a
random matrix of fixed scatterings. There is a great formal
similarity in the dynamic equations for the propagators
and diffusion functions if one compares our results with
the corresponding results for the Lorentz gas. The van-
ishing of D, in the reptating phase means that the
mean-square displacement perpendicular to the chain
becomes finite, which may be also expressed as D(0,2) =
zd?, defining a localization length d, which is infinite in
the nonreptating phase. The response function then is

R, (q2) =1/2(1 + q%d?); therefore, RL(q,t) =1/(1+ q%d?
for t 2 0. When that result is inserted in the dynamic
friction function (5.8), the self-consistent equation for d
becomes

w(c n)vd-? f “x 221+ 22 (5.14)

(27)®
The solution may be expressed as d = v,1/?y(y). Therefore,
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Figure 2. Self—dlffusmn, curv1lmear, and lateral diffusion
coefficients as a function of the entanglement parameter y(c,n).
Dy = kgT/n{l(c) is the effective Rouse diffusion coefficient.

the localization length is of the order of the excluded
volume, and we can set d = 0 since we are only interested
in the behavior on a much larger length scale. Our final
result for the lateral propagator is

R, (qt) = exp(— §D0(1 - \,b(c,n))qzt) for0<y <1
1 forl <y

(5.15)

VI. Self-Diffusion Coefficient in the Semidilute
Concentration Regime

The self-diffusion coefficient cannot be obtained by a
simple linear superposition of the curvilinear and the
lateral motion. This would mean a total neglect of the
coupling of both modes. Although this coupling is small,
it becomes essential after the reptation transition. We
have to go back to the original result for D, eq 3.5, and
we use the expression 4.18 for the dynamic friction func-
tion, which allows for the coupling between lateral and
curvilinear diffusion, to first order in R(q,t)%. Again we
neglect here short-wavelength internal fluctuations and the
details of the initial relaxation process, assuming that the
segment distribution follows adiabatically the center-of-
mass propagators 5.7 and 5.15. Then

Dy
D, = - (6.1)
1+ DOkBTAg‘(O,O)

and the time integral of the friction function 4.18 is

- AF
AL0,0) = Ec—/(D” + D)) (6.2)
which yields
D,
D. =
: 1+ gtp(c n)___.DO_
3"7""D,+ D,

= Do(c,n)(l - gxp(c,n) =Dy+D, for0<y =1

Dy(e,n)

= T+ 20ten) 2u(en) forl<y

(6.3

The behavior of D, D, and D, as a function of the en-
tanglement parameter ¥(c,n) is shown in Figure 2. Both
the lateral and the self-diffusion coefficient show a critical
transition for ¥(c,n) = 1, where the slopes of the curves
change discontinuously. But, whereas lateral diffusion is
totally suppressed in the reptation phase, there is still a
finite mobility of the center of mass. The result (6.3)
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describes the self-diffusion coefficient over the whole range
of the entanglement parameter ¥(c,n). For small ¢ we have
Rouse-like behavior D, = kgT/n{(c); for large y we recover
de Gennes’ reptation result D, = kgT/(2n{(c))¥(c,n) ~ n2
We have by now used suggestively the name entanglement
parameter for the quantity y(c,n). From the definition of
¥, eq 5.13, ¢ is just one-half of the mean interaction energy
of one polymer, in units of 2g7. If we now ask for the
specific concentration dependence of y(c,n), we need an
expression for the free energy density. des Cloizeaux? has
shown that for semidilute solutions in the limit of long
chains the osmotic pressure is ~c** From the relation
between the osmotic pressure and the free energy density
follows AF ~ ¢%42 We obtain then

¥le,n) = K(T)nc®/4 (6.4)

where K(T) is an undetermined parameter. In contrast,
de Gennes* has obtained from scaling arguments that the
mean number of segments between two entanglements,
g(c), decreases with concentration as ¢%/4. Thus we may
also write

Yle,n) = K(Tin/gle) (6.5)

Using this argument, we find that y(c,n) is just pro-
portional to the mean number of entanglements of one
chain polymer, n/g(c). Another so far undetermined pa-
rameter in our result (6.3) is the effective friction coeffi-
cient of a segment. Here de Gennes’ has shown for
strongly entangled solutions that {(c) ~ c/2

Using this and eq 6.4, we obtain

D, ~ n%c7/4 for n/g(c) >» 1 (6.6)

which was first derived by de Gennes.’

Unfortunately, the mean number of segments between
two entanglements, g(c), cannot be directly measured.
Another way to reexpress the entanglement parameter
¥(c,n) in terms of experimentally observable quantities is
to write

Yle,n) =n/n.=M/M, 6.7

where n, or M, are respectively the critical segment number
and the critical molecular weight, at which the reptation
transition is observed. Since we found that this transition
takes place for ¥(c,n) = 1, our result for n, is

n, = 2kgTc /AF (6.8)
D, may then be expressed as
()
= - <
D, ne(© 1 3n/nc forn < n,
kT 1

ne(©) 1_+T/nc forn = n, (6.9)

Figure 3 shows a double-logarithmic plot of D,, nor-
malized to kgT/n {(c), as a function of n/n.. The broken
lines indicate the asymptotic behavior for small n and for
large n. Scaling theories would locate the reptation tran-
sition at the point of intersection of the two limiting laws.
It is interesting to note that this point is smaller by ap-
proximately a factor of 1/, than the cusp point (arrow),
where the reptation transition actually takes place.

VII. Summary

In this work we have derived a general formula for the
self-diffusion coefficient of polymeric liquids, starting from
a Fokker-Planck equation for the phase-space distribution
function of polymer segments and using the rigorous
projection operator method. The range of validity of this
result, eq 3.5, in principle extends from dilute solutions
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Figure 3. Self-diffusion coefficient D,, normalized to Dy(n,) =
kT /n{(c), as a function of chain length. The arrow indicates
the reptation transition at n = n..

over semidilute and concentrated solutions up to polymeric
melts. In order to obtain a more explicit result, we have
to supplement the general theory with a detailed expres-
sion for hydrodynamic interaction and we have to calculate
the dynamic friction function defined in eq 2.20. For dilute
solutions we recover then the result of the Kirkwood
theory, eq 3.9. But our main emphasis lies in a calculation
of the self-diffusion coefficient for the semidilute concen-
tration regime and in a microscopic and self-consistent
foundation of the reptation mechanism as the only possible
mode of large-scale motions in semidilute and higher
concentrated polymer liquids.

This is accomplished by the introduction of a local co-
ordinate system, where one axis is parallel to the local
direction of the polymeric chain and the other two are
perpendicular. Since the direction of short-ranged inter-
action between polymers is always perpendicular to the
local chain axis and since the interaction potential depends
only weakly on curvilinear motion, the coupling of both
sets of coordinates is small. To zero order in that coupling
it is possible to write the center-of-mass propagator as a
product of a curvilinear and a lateral propagator. The
curvilinear propagator is found to describe the motion of
a one-dimensional Rouse chain. For the lateral propagator
we derive a self-consistent set of equations and we find that
there exists a critical strength of interaction for a chain
at which lateral motion becomes completely blocked.
Above that critical interaction, which is proportional to
the length of the polymers, only curvilinear motion, i.e.,
reptation, is possible.

Here one has to say a word of caution. In the way of
deriving that result we have neglected the coupling be-
tween center-of-mass motion and internal fluctuations in
the segment distribution of the chains. We do not believe
that the basic features of the mechanism that lead to the
reptating state would be seriously affected if such internal
fluctuations would be taken into account. But it is likely
that the sharpness of the reptation transition, which we
found in eq 5.12, is an artifact of that approximation.

The dynamic friction function for center-of-mass motion
is then calculated to first order in the coupling between
curvilinear and lateral diffusion. The resulting equation
(6.3) for the self-diffusion coefficient determines D, in
terms of two parameters. {(c) is the concentration-de-
pendent single-segment friction coefficient, and y(c,n) =
nAF(c)/2ckgT, which we named the entanglement pa-
rameter, is one-half of the mean interaction energy per
polymer, in units of kgT. For small chain lengths y(c,n)
« 1, and we obtain a Rouse-like diffusion, D, ~ n™l. But
for large chain length at sufficiently high concentrations,
when ¥{c,n) > 1, we find D, ~ n~2. This behavior can be
considered as typical for reptation and has been obtained
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earlier by de Gennes,?® and by an extension of de Gennes’
reptation theory, by Schaefer, Joanny, and Pincus.* A
main virtue of our microscopic approach is that it produces
not only these limiting laws but also a result which is valid
for arbitrary chain lengths and concentrations, provided
that the assumption of screened hydrodynamic interaction
on the one side and the model of a flexible cylinder on the
other side can be justified. Figure 3 illustrates the de-
pendence of D), on chain length. Both branches of the D,
function merge in the form of a slight cusp, which locates
the reptation transition. We find a remarkable wide
crossover regime between both asymptotic laws, in contrast
to the sharp crossover that is usually assumed by scaling
theories.

In contrast to the chain-length dependence, it is not
possible to give a unique answer to the question of con-
centration dependence of D, in the entanglement-domi-
nated regime. de Gennes’ result is D, ~ n2c"/4, but
Schaefer, Joanny, and Pincus® claim that de Gennes’ re-
sult applies only to a limited concentration regime, which
they call the semidilute good solvent regime. They predict
the existence of a semidilute marginal regime at higher
concentrations, where D, ~ n~%c™%5, and a semidilute ©
regime at still higher concentrations, where D, ~ n2¢3,
All these results are based on specific assumptions con-
cerning the interrelationship of certain correlation lengths.
Our result is D, ~ n2({(c)AF(c)/¢)™, and in order to give
a more explicit result we have to rely on theories that yield
the concentration dependence of the single-segment fric-
tion coefficient and the free energy density AF(c). This
has been done only for the good solvent regime, and we
obtain indeed D, ~ n"2¢"7/4, At concentrations below the
reptation transition, in the Rouse-like regime, the result
would be D, ~ n~'c™V/2 if we assume still that {(c) ~ c'/2

Following the publication of de Gennes’ reptation theory,
a number of experiments, using mainly the forced Rayleigh
scattering and the pulsed field gradient NMR methods,
have been undertaken in order to verify his results.®?® In
general there has been a convincing agreement for the
concentration dependence as well as for the molecular
weight dependence. A very beautiful verification of the
¢”’/4 law in the semidilute regime has been obtained by
Wang, Lowry, and Wu.?® The results cover nearly two
decades of concentration and extend also in the low-con-
centration regime. Here the results are in good agreement
with a Rouse-like concentration dependence, D, ~ ¢™1/2,
Some experiments??® have found a different molecular
weight dependence, D, ~ n™'* (ref 27) or D, ~ n°16 (ref
28), intermediate between the Rouse-like behavior and the
reptation behavior. One possible explanation is offered
from our finding that the transition between these two
regimes is not so abrupt, as has been assumed by the
scaling theories, but is a rather smooth crossover. If we
would draw straight lines in Figure 3 with slopes -1.4 or
-1.6, they would agree quite well with the actual curve in
the crossover region, over a considerable range of n/n..
Recent experiments by Callaghan and Pinder®® were also
able to verify the predictions concerning the existence of
a semidilute O regime in the high-concentration regime.
At small concentration their results agree with de Gennes’
theory. But no evidence for the existence of an interme-
diate marginal regime could be obtained.

A serious approximation in this work concerns the way
hydrodynamic interaction is treated in the form of a con-
centration-dependent effective single-segment friction
coefficient. This rests on the assumption that hydrody-
namic interaction is completely screened on a length scale
of the order of the average distance between two entan-
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glements. This is certainly a rather crude assumption for
a microscopic theory, since in reality the screening of hy-
drodynamic interaction will be a gradual process. More-
over, recent neutron-scattering experiments® have revealed
that under certain conditions there exists a residual
long-ranging hydrodynamic interaction even in semidilute
or concentrated solutions. A more explicit treatment of
hydrodynamic interaction would be desirable, but then it
would spoil the arguments which allow us to treat the
coupling between curvilinear and lateral propagator as
small. The basic assumption of this work is that the
mechanism which causes the reptational motion is the
excluded volume interaction and that hydrodynamic ef-
fects will only influence the finer details of this mechanism.

The opposite point of view was taken by Edwards,*? who
derived a generalized diffusion equation for the distribu-
tion function of a test polymer, neglecting completely the
direct interactions between polymers but taking into ac-
count the full hydrodynamic interaction. The generalized
diffusion function is a function of the distribution of all
other polymers in the system, and it was shown that this
function becomes zero when two polymer segments are at
the same place, which takes into account the fact that the
lines of two polymers cannot cross each other. But so far
a solution of this equation has not been given and no
explicit result about the onset of reptation or of the form
of the self-diffusion coefficient or of other transport pa-
rameters was obtained. One should also recall that the
entanglement and reptation effects in polymeric melts are
certainly not due to hydrodynamic interactions but result
from short-ranged direct interactions between the polymer
segments.

Many experimental studies of self-diffusion in semidilute
or concentrated polymeric liquids are performed on mix-
tures or on polymers diffusing in a network. The extension
of the theory given here to such situations is a trivial
matter. The results will be presented in a separate pub-
lication.
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Semidilute Solutions of Star Branched Polystyrene: A Light and
Neutron Scattering Study
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ABSTRACT: Small-angle neutron scattering (SANS) and static and dynamic light scattering have been carried
out with a 12-arm polystyrene star in toluene at 20 °C in a concentration range up to 16%, which corresponds
to a value of ¢/c* ~ 8, with ¢* = 1/[5] being the coil overlap concentration. Behavior similar to flexible linear
chains is observed, with some characteristic differences: (i) a more sudden transition from the dilute behavior
to a transient network is found, with M,,, — = and a slow motion of diffusion with Dy, — 0; (ii) around
the gel formation concentration the complementary SANS measurements in the high-q region display a liquidlike
structure factor. The results in the semidilute regime were found to depend on the time of centrifugation,
which was applied for optical clarification. This observation is in agreement with older findings by Dautzenberg
and Koberstein et al. with linear polystyrene in good solvents and indicates a metastable state of the semidilute

solution.

Introduction

Solutions of macromolecules at higher concentrations
have been the subject of research for a long time. The
solution properties were found to be significantly different
from those in the dilute regime, but a satisfactory theory
for this regime was lacking. In 1975 des Cloizeaux! and
later de Gennes? introduced a new concept by which a
semidilute solution is supposed to be separated rather
sharply from the regime of dilute solution. This conception
has been cast more precisely in the form of a “phase
diagram” by Adam and Delsanti.* The point of crossover
in this diagram is determined by the coil overlap concen-
tration c*, which is affected by the geometric size of the
individual molecules. There are different alternatives for
defining this geometric size. According to de Gennes, one
can assume with certainty

c* ~ M/R? (1)

Furthermore, by the Fox-Flory relationship® the intrinsic
viscosity is related to R3/M as

(] ~ ¢R*/M (2)
Thus it may be useful to set
c* =1/[n] (3)

a suggestion first made by Utracki and Simha.? In these
equations R is the root of the mean square end-to-end
distance of a coil in a good solvent and the symbol ~
means here and in the rest of the text “proportional to”.

For concentrations sufficiently larger than c*, a transient
network of entangled chains is assumed, and, consequently,
all measurable quantities must become independent of the
chain length of the individual molecules. This demand

tInstitute Laue—Langevin, Grenoble, France. Present address:
Sandoz AG, Basel, Switzerland.

$Present address: Corporate Research—Science Laboratories,
Exxon Research and Engineering Co., Annandale, NJ 08801.

leads to a number of simple relationships that in the recent
past have been the subject of extensive examination.

In the past, linear chains, in particular polystyrene
(PS),~%32 have been the most extensively studied subjects
of static and dynamic light scattering (LS) measurements.
The scope of research has been extended recently to other
flexible and semiflexible linear chains®'7 in good solvents.
In some previous papers,!> 7 the necessity of static LS in
combination with dynamic LS experiments has been
demonstrated. Here we report results obtained with a
12-arm-star branched PS in a concentration range up to
¢ = 16%, which corresponds to ¢ =~ 8c*. The purpose of
this study is to investigate the influence of branching on
semidilute solutions.

In the following, we first review briefly the main state-
ments of the scaling theory for semidilute solutions.
Scaling laws are strictly valid only in the limit of ¢ > c¢*
and do not make any predictions about the crossover re-
gion. Experiments, on the other hand, often have to be
carried out near this region, and it appears, therefore, of
interest to study this particular regime in order to get a
deeper insight into real semidilute solutions.

Predicted Properties in Semidilute Solutions

Osmotic Pressure. The demand of the molecular
weight independence of the properties at ¢ > c* led des
Cloizeaux to a relationship for the osmotic pressure that
reads

II/RT = (c/M)f(cR3 /M) = (c/M)f(c/c*) =
(c/M)(c/c*)™ (4)

This relationship is based on the impenetrable sphere
approximation for the second virial coefficient

A, ~ B3 /M? (5)
For linear chains in very good solvents des Cloizeaux! finds

m = 5/, which follows from the condition I ~ M°® and
from
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